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Three-Dimensional Analytical Solutions for Coupled
Thermoelectroelastic Response of Multilayered Cylindrical Shells

- Kangming Xu* and Ahmed K. Noor1"
University of Virginia and NASA Langley Research Center, Hampton, Virginia 23681

Analytical three-dimensional solutions are presented for the coupled thermoelectroelastic response of multi-
layered hybrid composite cylindrical shells. The shells consist of a combination of fiber-reinforced cross-ply and
thermoelectroelastic layers. Both the thermoelectroelastic static response and its sensitivity coefficients are evalu-
ated. The sensitivity coefficients measure the sensitivity of the response to variations in the different mechanical,
thermal, and piezoelectric material properties of the shells. A linear constitutive model is used, and the material
properties are assumed to be independent of the temperature and the electric field. A mixed formulation is used
with the fundamental unknowns consisting of the three transverse stress components; the three displacement com-
ponents; the transverse component of the electric displacement field; the electric potential; the transverse heat-flux
component; and the temperature change. Each of the fundamental unknowns is expressed in terms of a double
Fourier series in the surface coordinates. A state-space approach is used to generate the static response and to
evaluate the sensitivity coefficients. The response and sensitivity coefficients of the shell are obtained by using a
modified Frobenius method and a sublayer method. Numerical results are presented showing the effects of variation
in the geometric parameters of the shells on the different response quantities and their sensitivity coefficients.

I. Introduction

HYBRID composite shells consisting of fiber-reinforced and
thermoelectroelastic layers are important components of smart

or intelligent structures.1"3 Analytic three-dimensional solutions for
these shells are not only valuable in their own right, but they are
also useful for assessing the range of validity of approximate com-
putational models. Analytical three-dimensional solutions of elastic
multilayered shells have been presented in previous literature.4""10

In the cited references, only elastic response quantities are calcu-
lated. To the authors' knowledge, no publications exist in which
analytical three-dimensional solutions of the fully coupled thermo-
electroelastic response of multilayered shells of finite length are
presented. Because of the increasing use of hybrid composites in
structures,11"14 it is desirable to develop a capability for the accu-
rate determination of 1) the steady-state response of multilayered
hybrid shells, and 2) the sensitivity of the response to variations in
the material and lamination parameters. The present study attempts
to fill this void.

Specifically, this paper presents analytical three-dimensional so-
lutions for the thermoelectroelastic response of hybrid laminated
cylindrical shells. Sensitivity coefficients also are evaluated and
used to study the sensitivity of the response to variations in the
different material properties of the shells. Two approaches for gen-
erating the response and evaluating the sensitivity coefficients are
used. The first one is a modified Frobenius method,10 and the second
is a sublayer method.6-15 Both methods are efficient procedures for
obtaining analytical solutions for the shell response and sensitiv-
ity coefficients. The shells consist of a number of perfectly bonded
thermoelectroelastic and fiber-reinforced layers. The solutions are
doubly periodic in the shell surface coordinates. Numerical results
are presented showing the effects of variation in the geometric pa-
rameters of the shell on the different response characteristics and
their sensitivity coefficients. The solutions presented provide physi-
cal insight into the interaction between the mechanical, thermal, and
electric fields. They also help in the development and assessment of
two-dimensional models of multilayered hybrid composite shells.
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II. Mathematical Formulation
Figure 1 shows the geometric characteristics of the hybrid mul-

tilayered cylindrical shell segment considered herein, henceforth
referred to as the shell, as follows: L, /?, and h- are the length, the
radius of the middle surface, and the total thickness of the shell,
respectively. The cylindrical coordinate system {jc,0,r} and the
surface coordinate system for each layer {jc, 9, z} [0 < z < h^]
used in this study also are given in the figure, where h(ri) is the
thickness of a typical (?7th) layer. The shell has a combination of
homogeneous cross-ply orthotropic elastic layers and orthorhombic
thermoelectroelastic layers with crystal system 2 mm.

The analytical formulation is based on the linear three-dimen-
sional theory of anisotropic thermoelectroelasticity. The fundamen-
tal relations of thermoelectroelastic materials in the cylindrical co-
ordinate system16'17 are summarized in Appendix A.

The temperature variation T, electric potential 0, and the traction
components {qx, qe,qz] at the inner and outer surfaces of the shell
are functions of x and 0, i.e.,

° = T°(x,e),

?*=9»(x,0).

q% = ql(x,0),

qh
e=qhe(x,e),

•q? = q!(x,e)

g* =.?*(*, 0)

(1)

where the superscripts 0 and h refer to the inner and outer surfaces,
respectively.

A. Expansions for Displacement, Stress, Temperature,
and Electric Fields

For hybrid cylindrical shells consisting of cross-ply and ther-
moelectroelastic layers, each of the displacement components
{u, v, w}, stress components {ax, o^, az, rdz, xxz, rxd}, electric dis-
placement components {dx, do,dz}, electric potential 0, heat flux
components {px, pG, pz}, and temperature T for each layer, is ex-
pressed as the sum of products of trigonometric functions in the
surface coordinates. The following expansions are used for the dif-
ferent response quantities:

Umn (z) cos amx cos nO
Vmn (z) sin amx sin n-0
Wmn(z)sinamxcosnO

(2)
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Fig. 1 Hybrid multilayered composite cylindrical shells.

mn \Z)

^ ̂  { 5czwn (z) cos amx cos n0
=o n=o I 5^mji (Z) Cos fl/n^ sin n6>

AtmnGOcosam*cosn0
^ ̂  < D^wn (z) sin amx sin n^

Dzmn(z)sinamxcosne

(3)

(4)

(5)

Pxmn(z)cosamxcosnO
P()mn(z)sinamxsinn6 \ (6)

m = o n = o I Pzmn(z)sinam^cosn6>

mn (z)sin amx cos nO

T = 2^,2^i Tmn(z)smamx cosnO
m=ln=0

(7)

(8)

{ro rA} =
(11)

m = l n = 0

B. Response Analysis
1. Governing Equations

A mixed formulation is used with the fundamental unknowns
consisting of the three displacement components; the three trans-
verse stress components; the transverse component of the electric
displacement field; electric potential; transverse heat-flux compo-
nent; and temperature change. A state-space approach18 is used to

^generate the thermoelectroelastic response of the shell. To simplify
the equations, the vector of fundamental unknowns R^- [amplitudes
of response quantities associated with a typical layer rj and a typical
pair of harmonics (m, «)] is defined as follows:

, V(z), W(z), *fe), r(z),

Sz(z),Dz(z),Hz(z)}%] (12)

where superscript T denotes matrix transposition.
The governing equations for each layer consist of 10 first-order

ordinary differential ^equations as follows: four equilibrium equa-
tions, one gradient equation, and five constitutive relations (see Ap-
pendix A). For a typical layer, the governing equations, associated
with a pair of harmonics (m, ri), can be written as a vector-matrix
differential equation as follows:

>s- (z) (13)

where the superscript rj refers to the rjth layer and the system ma-
trices #(??) and A (j?) are

(14)

(i = 0, 1, 2) areandThe explicit form of the matrices
given in Appendix B.

The complete description of the plate response requires 1) the
governing equations, Eq. (13), for each layer; 2) the stress equilib-
rium equations and the displacement compatibility relations at layer
interfaces; and 3) the conditions at the inner and outer surfaces of the
shell. The stress equilibrium and displacement compatibility condi-
tions at the interface between the layers rj and (rj + l) [outer surface
of layer rj and inner surface of layer (77 + 1)] can be written in the
following form:

where am = mn/L. The unknown amplitudes Umn, Vmn, Wmn, Sxmn,
^Qmn» ^zmn» ^Qzmn» ^xzmn •> ^xOmn» ^xmn > L/Qmn» ^zmn > *xmn» '(9/nn > •* zmn >
^>mn, and Tmn are functions of z only. The following conditions are
satisfied at x = 0, L,

(9)

The electric potential, traction components, and temperature
change at the inner and outer surfaces in Eq. (1) are also expanded
in the double Fourier series as follows:

(15)

Equation (15) implies perfect bonding between the adjacent layers.
The boundary conditions at the inner and outer surfaces of the

shell are expressed in terms of the components of the two vectors
and R(N\hW), where

, r(0), ̂

(16)

= [u/(0)f

{«?. ft*} = E E i ^ sinnfl (10)
and A^ is the total number of layers. The quantities Szmn (0), SBzmn (0),
s,z™(0), o^co), rmn(0), szmn(hW), s9zmn(hW), sxzmn(hW),
®mn(h(N)), and Tmn(h(N^) can be determined from the Fourier ex-
pansions of Eqs: (10) and (11).
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2. Solutions
Equations (13) are simultaneous ordinary differential equations,

with variable coefficients, in the response quantities. Closed-form
solutions are not generally available. Series solution of Eq. (13)
can be found by using the Frobenius method,10 which has been
successfully used to obtain solutions of elastic cylindrical shells. To
apply this method to hybrid thermoelectroelastic shells, the solution
of Eq. (13) is assumed to be of the form

/= ! , . . . , 10 (17)

where jf} and utf are to be determined. If Eqs. (17) and (13) are
used and the coefficients of zk in the resulting equation disappear,
the following recursive relation is obtained

(18)

wittin = «!? = M (77) = 0 and the coefficients—21 — **—/ ~ ul ~ u ailu U1C t/ucaiiLaciua Oj (/ = 1, . . . , 10)
are obtained from zeroth recursive equations in Eq. (18). The general
solution for the 77th layer can be written in the following form:

RW (z) = F^\z)C (19)

where C is a constant vector and the transfer matrix F^ (z) is given
by

exp( "z (20)

If the initial state vector, associated with the inner surface of the
?7th layer, is mapped into the state vector associated with the outer
surface of the same layer and the interface conditions (16) are in-
corporated, the following relations are obtained:

(0)

=

(21)

(22)

Equation (22) constitutes a set of 10 simultaneous linear algebraic
equations in the 10 unknown amplitudes [C/mw(0), Vmn(Q), Wmn(0),
A>»»(0), /WO), Umn(hW), Vmn(h^), Wmn(h^), D9jm(h™)9

and Pomn(h(N))] of the inner and outer surfaces of the shell. Once
the response quantities associated with the inner and outer surfaces
of the shell are obtained, the response quantities within each layer
can be evaluated by using Eq. (21).

The in-plane components of the response quantities for the ?yth
layer are defined as follows:

), S9x(z), D9(z),

If the fundamental equations of three-dimensional thermoelectroe-
lasticity are used (see Appendix A), the vector T^ can be expressed
in terms of the vector /J()?) as follows:

B- (23)

where the explicit forms of the matrices M(I7) and H(r}) are given
in Appendix B. After the response quantities in Eq. (21) and their
derivatives in Eq. (13) have been obtained, the in-plane response
vector r(?j) can be evaluated using Eq. (23).

The solutions in Eq. (13) also can be obtained by using the sub-
layer method, in which each layer is divided into sublayers and
in each sublayer the system matrices A and B are assumed to be
constant.15 Then, the solutions mapping the boundary conditions on
the inner and outer surfaces are

(24)

(7/)where M is the number of sublayers, A 7 / = B(^~l (z) A(r])(z), and
z is the value of z at the middle surface of the rjth sublayer. The
exponential matrix exp(A(J7)/z(77)) is the transfer matrix that maps the
initial state vector, associated with the inner surface of the rjth layer
into the state vector associated with the outer surface of the same
layer. The response R (j?) and in-plane response T(7?) can be obtained
by following similar steps as those used with Eqs. (21-23).

C. Sensitivity Analysis
Analytical sensitivity coefficients (derivatives of response quan-

tities with respect to material, lamination, and geometric parameters
of the shell) are used to study the sensitivity of the shell response
to variations in the different shell parameters. The governing equa-
tions for the sensitivity coefficients of the response quantities are
generated by differentiating Eq. (21) for the Frobenius method and
Eq. (24) for the sublayer method. For the Frobenius method, the
sensitivity equations for each pair of Fourier harmonics are

X(1)(0)

(25)

(26)

where X(r))(z) = a/?(??)(z)/ax, and X is a typical material, lamina-
tion, or geometric parameter of the shell. The boundary conditions
on the inner and outer surfaces are

= Tr{tf (0), V(0), W(0), 0,0, 0,0, 0, f
(27)

Equation (26) is a set of 10 linear simultaneous algebraic equa-
tions associated with the amplitudes of the sensitivity coefficient:

a A ax ax

ax ax

ax ax
of the inner and outer surfaces of the shell. Once the sensitivity coef-
ficients on the inner and outer surfaces are obtained, the sensitivity
coefficients within each layer are evaluated by using Eq. (25), and
the in-plane sensitivity coefficients are obtained by differentiating
Eq. (23) with respect to X. The same procedure can be used to obtain
the sensitivity coefficients of the response quantities for the sublayer
approach.
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D. Comments on the Computational Procedures
As the number of terms in Eq. (20) increases for the Frobenius

method, or the number of sublayers increases in Eq. (24) for the
sublayer method, the solution of the response quantities of the shell
is expected to converge to the exact solution. In practice, only a
finite number of terms in the Frobenius method, or a finite number of
sublayers in the sublayer method, are used. To study the convergence
of the Frobenius method, the transfer matrix with K + 1 terms in
the series for the ??th layer in Eq. (20) is evaluated:

=

c. z>y. «*!p ^M"OZJ (28)

where the superscripts (77) are omitted for brevity. The following
convergence criterion is used:

(29)

where || • ||2 is the Euclidean norm and s\ is a prescribed tolerance.
For the sublayer method, the convergence is studied by examining

the solutions of the surface response quantities in Eq. (24) (which
depend on the number of sublayers in each layer). The solution
vector with M sublayers in each layer of the shell can be written in
the following form:

The following convergence criterion is used:

i\\2-\\GM\\2

' \\Gtt+ 1\\2
<S2 (31)

where s2 is a prescribed tolerance.
Note that Eqs. (13) and (22) or Eqs. (13) and (24) used in the

response analysis represent a homogeneous two-point boundary-
value problem. By contrast, Eq. (26) used in the sensitivity analysis
represents a nctmomogeneous two-point boundary value problem,
and the forcing terms are dependent on the solutions for the response
quantities.18 The eigen derivative theory19 is used to evaluate the
sensitivity of the recursive relation, Eq. (18).

If the distributions of the electrical and thermal fields in the thick-
ness direction are known, then the coupled governing differential
equations reduce to six decoupled first-order nonhomogeneous or-
dinary differential equations, with the fundamental unknowns con-
sisting of three displacement components and three transverse stress
components. The elastic response of the shell can be obtained by
solving the nonhomogeneous two-point boundary- value problem.
The decoupled case has been presented in the literature.4"10

The aforementioned solutions for the responses and sensitivity
coefficients can be generalized to simply-supported cylindrical pan-
els by replacing the trigonometric functions cos(n#) and sin(rc#)
in Eqs. (2-6) and Eqs. (10) and (11) by sin(M) and cos(M),
respectively, where bn = nnj 0 and 0 is the total subtended an-
gle of the panel, and by assuming that the boundary conditions

=Q and 0 are satisfied.

V(0), DZ(Q),

III. Numerical Studies
To assess the effects of variations in the material characteristics of

the individual layers on the steady-state response, several problems

(30)
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Fig. 2 Effect of thickness ratio on CPU time and convergence of the so-
lutions obtained by the Frobenius and the sublayer methods, for hybrid
multilayered shells [configuration (a)] subjected to mechanical load.

0.2

Fig. 3 Effect of thickness ratio on strain-energy ratios, for hybrid mul-
tilayered shells [configurations (a) and (b)] subjected to mechanical load,
temperature change, and electric potential.
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of hybrid composite cylindrical shells are solved. The shells are
subjected to mechanical, thermal, and electric loading. For each
problem the derivatives of the response quantities with respect to
the different material parameters are evaluated. Both the Frobenius
method and the sublayer method are used to obtain all the response
quantities and their sensitivity coefficients. The solutions presented
provide an insight into the effect of the thermoelectroelastic layers
on the response of the shells. They also can help assess the reliability
of various two-dimensional theories for predicting the steady-state
response and its sensitivity to variations in the material and lamina-
tion parameters of the shell.

The shells considered are made of eight graphite-epoxy layers
with fiber orientation (0/90 deg)4, with fibers of the outer layer in
the x direction. The radius of the middle surface and the length
of the shell are selected to be R = 1 and L = 1, respectively.
Two different shell configurations are analyzed: one has a single
PZT-5A piezoelectric layer at the outer surface [configuration (a)]
and the other at the mid-thickness [configuration (b)] (see Fig. 1).
The layers of the two shell configurations are of equal thickness

and are perfectly bonded together. The material properties of the
graphite-epoxy and the PZT-5A layer are given in Table 1. Three dif-
ferent loadings are applied to the inner surface of the shell: transverse
mechanical loading q® = q()smaix sin 20, temperature change
r° = TQ sinaijc sin 20, and electric potential 0° = 00 sinai* sin 20.
The three loadings have unit amplitude (qQ = T0 = 00 = 1). Hence-
forth, for brevity, the three loading cases will be referred to as g-case,
T-case, and 0-case, respectively. The thickness ratio h/R was varied
between 0.01 and 0.2.

To assess the importance of the transverse stresses [TXZ, ~CQZ, az]
on the response of the shell, the total strain energy U was de-
composed into three components: in-plane component U\ associ-
ated with the stresses {crx, a$, rxG] and strains {ef, sj; )/^}, trans-
verse shear component U2 associated with the stresses [rxz, T6z}
and strains {y^, y/z], and transverse normal stress/strain compo-
nent C/3 associated with the stress component az and the strain
component sf, where {ef, ej, ef, y/z, yxz, yfe} are the mechani-
cal parts of the total strain components; and the total strain energy
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Table 1 Material properties of the graphite-epoxy and PZT-5A
layers used in the present study

Graphite-epoxy layer
Property

EL (109 Pa)
ET (109 Pa)

GLT (109 Pa)

GTT (109 Pa)
VLT

VTT
ML (10"6/°C)
aT (10~6/°C)

kL (W/m°C)
&r (W/m°C)

4* (10"12 m/V)
4e (10~12 m/V)
</« (10- 12 m/V)
^z (10-12 m/V)
^z (10-12 mA^)
KX (10~8 F/m)
/c0 (10~8 F/m)
/cz (10~8 F/m)
fz (C/m2)

Value

181
10.3

7.17

2.87
0.28

0.33
0.02
22'5
22.5
1.5
0.5

0
0
0
0
0

1.53
1.53
1.53

0

PZT-5Alayer
Property

Ex (109 Pa)
Ee (109 Pa)
Ez (109 Pa)
Gxe (109 Pa)
G0Z (109 Pa)
Gxz (109 Pa)

vxo
V0Z

Vxz

ax (10-6/°C )
a0 (10"6/°C)
GLZ (10"6/0C)

kx (W/m°C)
^ (W/m°C)

4x (10~12 m/V)
4^ (10~12 m/V)
4Z (10- 12 mA^)
<WdO-12m/V)
^z'(10~12 m/V)
^ (10-8 F/m)
*0 (10~8 F/m)
/cz(10-8F/m)

fz (C/m2)

Value

61.0
61.0
53.2
22.6
21.1
21.1
0.35
0.38
0.38

.5

.5
2.0

.8

.8

-171
-171
374
584
584
1.53
1.53
1.50

0.0007

The numerical solutions presented were subsequently performed
using the Mathematica system on the SunSPARC 10 workstation
with operating system SunOS 4.1.3.

A. Response Analysis
An indication of the convergence of the solutions obtained by

both the Frobenius and the sublayer methods with the thickness ra-
tio is given in Fig. 2 for the case of the mechanical loading and
shell configuration (a). For the other configuration and the other
loading cases, numerical experiments show similar convergence
trends. Figure 2 shows that the CPU time expended in both the
Frobenius and the sublayer methods depends on the tolerances s\
and £2- For smaller tolerance, the CPU time expended in the sub-
layer method is higher than that in the Frobenius method. The CPU
time for both methods also increases with the increase in the thick-
ness ratio. The average number of terms needed for convergence

1.5
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U

symbol
config. a config. b
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-1.2
0.1
h/R

0.2

Fig. 7 Effect of the thickness ratio on the sensitivity coefficients of the
strain-energy components l/i, 1/2» ^3> and the total strain energy 17,
with respect to material properties EL and GLT> for hybrid multilayered
shells subjected to mechanical load [configurations (a) and (b)].

in the Frobenius method is also shown in Fig. 2. The number of
terms increases with the increase in the thickness ratio. For a pre-
scribed tolerance s\ = 10~6 and h/R = 0.2, the average num-
ber of the terms is 9. For the sublayer method, the number of the
sublayers needed for convergence increases with the increase in
the thickness ratio, as shown in Fig. 2. For a prescribed tolerance
of £2 = 10~6, the number of sublayers is 8. In the solutions dis-
cussed, the Frobenius method is used, and the prescribed tolerance
8! = 10-8.

Typical results for the three loading cases and the two shell config-
urations are shown in Figs. 3-6. The variations of the strain-energy



808 XU AND NOOR

1

0.75

0.5

0.25

0
-0.5 0 0.5 0 0.2 0.4 -0.5

_Jl_<k14*0*94

0.75

0.5

0.25

0
-0.25 0 0 . 2 5 - 0 . 4 -0.2 0 0.2 -0.2 0 0.2 0.4
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components with the thickness ratio of the shell are shown in Fig. 3.
The thickness distributions of the displacement components M, w,
stress components 0$, irz, rxz, electric field component Ez, elec-
tric potential 0, and temperature change T for the shells with
h/R = 0.01 and 0.2 are shown in Figs. 4-6, in which the thick-
ness coordinate z is used [see Fig. 1 (0 < z < h)].

An examination of Figs. 3-6 reveals the following:
1) As expected, the in-plane strain-energy ratio U\/U decreases

with the increase in the thickness ratio of the shell. The decrease
in U'i/U is associated with an increase in the transverse-shear
strain-energy ratio, U2/U. However, only for the g-case, the ratio
U2/U exhibits a pronounced change with the change in the thickness
ratio h/R. For the T- and 0-cases, the ratio U2/Uis small compared
with U2/U for the g-case. The transverse-normal strain-energy ratio
C/3//7 is one order of magnitude smaller than the transverse-shear
strain-energy ratio U2/U and is negative for the T-case.

2) For the g-case and the T-case, the energy ratios for configura-
tions (a) and (b) are almost the same. However, the energy ratios for
the 0-case associated with the two shell configurations are signifi-
cantly different. The difference between the corresponding energy
ratios increases with the increase in the thickness ratio.

3) When the thickness ratio of the shell is small (h/R = 0.01), the
thickness distributions of the displacement components u and w are
nearly linear and uniform, respectively (for both configurations and
for the three loading cases). However, when the thickness ratio is
large (e.g., h/R = 0.2), the distributions of u and w in the thickness
direction are nonlinear. The nonlinearity is more pronounced for the
T- and $-cases than for the #-case.

4) For the T-case and the </>-case, the presence of the piezoelectric
layer at the midthickness of the shell leads to significantly different
distributions of the various response quantities from the case when
the piezoelectric layer is at the outer surface. This is particularly
true for thick shells with h/R = 0.2. For the #-case, the effect
of the location of the piezoelectric layer on the distribution of the
different response quantities is not significant. Exceptions to that
are the electric-response quantities, which are strongly affected by
the location of the piezoelectric layer.

5) For the T-case and the </>-case, the transverse stress components
TXZ and az are small, compared with the in-plane stress component
00. This explains dominance of the in-plane strain energy Ui, for
the T-case and the 0-case, even when the displacement components
have a pronounced nonlinear distribution through the thickness.

6) The distribution of the temperature in the thickness direction
is significantly affected by both the presence and the location of the
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Fig. 9 Effect of the thickness ratio on the sensitivity coefficients of the
strain-energy components Ui, l/2> #3> and the total strain-energy 17,
with respect to material properties Ej and OLj, for hybrid multilayered
shells subjected to temperature change [configurations (a) and (b)].

piezoelectric layer. This is true even for thin shells [with h/R of
O (0.01)].

B. Sensitivity Analysis
A sensitivity study is conducted to assess the sensitivity of the

different response quantities to variations in the different material
parameters of the shell. Typical results are shown in Figs. 7-12.
Based on the numerical studies conducted, the dominant sensitiv-
ity coefficients of the total strain energy are those with respect to
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Fig. 10 Through-the-thickness variations of the sensitivity coefficients of the displacements, stresses, electric field, and electric potential, with respect
to material properties Ej and ay, for hybrid multilayered shells subjected to temperature change [configurations (a) and (b), h/L = 0.2].

Young's modulus EL and shear modulus GLT of the graphite-epoxy
layers, for q-case; Young's modulus ET and thermal expansion co-
efficient OLT of the graphite-epoxy layers, for T-case; and the piezo-
electric coefficient dzo and dielectric coefficient KZ of the PZT-5A
layer, for 0-case. The subscripts L and T denote fiber and transverse
directions, respectively. The effects of variations in h/R on the sen-
sitivity coefficients of £// (i = 1, 2, 3} and U are shown in Figs. 7,
9. and 11 for the three loading cases. Each sensitivity coefficient is
normalized by multiplying it by the associated material parameter
and dividing by £// (or U). The thickness distributions of the sensi-
tivity coefficients of u, w, &e -, rxz, crz, Ez, and 0 are shown in Figs. 8,
10. and 12 for the three loading cases for shells with h/R = 0.2. In
Figs. 8, 10, and 12, the thickness coordinate z is used. Each sensi-
tivity coefficient is normalized by multiplying it by the associated
material parameter and dividing by the maximum absolute value of
the response quantity.

An examination of Figs. 7-12 reveals the following:
1) For the g-case, the strain-energy component £/2 is m°re sen-

sitive to variations in the material parameters than the other en-
ergy components. For the T-case, the sensitivity of U2 is more pro-
nounced for shell configuration (a). For the 0-case, the strain-energy
component U\ is more sensitive to variations in the material param-
eters than the other energy components. For both the T-case and the
0-case, the strain-energy component t/3 is less sensitive to variations
in the material parameters than are U\ and U2.

2) For both the T-case and the 0-case, the normalized sensitivity
coefficients of U\ are almost equal to that of U. For the g-case, the
normalized sensitivity coefficients of U\ are nearly equal to that of
U for small values of h/R. As h/R increases, the difference between
the two sensitivity coefficients increases.

3) For shell configuration (a), the normalized sensitivity coef-
ficients of all the energy components with respect to the material
parameters are nearly equal for the 0-case. However, for shell con-
figuration (b), the normalized sensitivity coefficients of all of the
energy components with respect to the material parameters are sig-
nificantly different. The normalized sensitivity coefficients of the
energy components U\ and £/3 for shell configurations (a) and (b)
for #-case have similar trends.

4) For the </>-case, the normalized sensitivity coefficients of the
energy components for shell configuration (a) are insensitive to vari-
ations in h/R. This is also true for the normalized sensitivity coeffi-
cients of the energy components with respect to (XT in configuration
(a) for the T-case.

5) For all the loading cases considered, the distribution of the sen-
sitivity coefficients of the displacement component u in the thickness

ro .1

-2

-3

sensitivity
coeff. of

-B-
U2
U3
U

symbol
config. a config. b

--D--
- -0- -

.-£--„

0.1

h/R
0.2

Fig. 11 Effect of thickness ratio on sensitivity coefficients of the strain-
energy components U\, £/2> ^3> and the total strain energy U, with re-
spect to material properties d^\ and ^33, for hybrid multilayered shells
subjected to electric potential [configurations (a) and (b)].

direction is highly nonlinear. The thickness distributions ofdw/dEL
and dw/3GLT for the #-case, and dw/dET for the T-case in the
thickness direction are almost uniform. On the other hand, the dis-
tribution of dw/dotr for the T-case is nonlinear. For the 0-case,
the distribution of the sensitivity coefficients of the displacement
components in the thickness direction is significantly affected by
the location of the thermoelectroelastic layer.

6) The thickness distributions of the sensitivity coefficients of
the stress component cr9 are almost piecewise linear. The thickness
distributions of the sensitivity coefficients of the stress components
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Fig. 12 Through-the-thickness variations of the sensitivity coefficients of the displacements, stresses, electric field, and electric potential, with respect
to material properties d^\ and ^33, for hybrid multilayered shells subjected to electric potential [configurations (a) and (b), h/L = 0.2].

az and rxz are piecewise continuous. The sensitivity coefficients
of both az and rxz are zero at the inner and outer surfaces of the
shells.

7) A sharp change in the thickness distributions of the sensitivity
coefficients of 0 occurs at the location of the thermoelectroelastic
layer. Consequently, the maximum value of the sensitivity coeffi-
cients of Ez occurs at the location of the thermoelectroelastic layer.

IV. Concluding Remarks
Analytical three-dimensional solutions are presented for the fully

coupled thermoelectroelastic response of hybrid multilayered com-
posite cylindrical shells. The sensitivity coefficients also are evalu-
ated and are used to study the sensitivity of the different response
quantities to variations in material parameters of the shells. The
shells are made of perfectly bonded thermoelectroelastic and fiber-
reinforced layers, subjected to mechanical loading, temperature
change, and electric potential at the inner and outer surfaces. The lin-
ear three-dimensional fully coupled theory of thermoelectroelastic
solids is used in this study.

Each of the response quantities of the shell is expanded in a dou-
ble Fourier series in the local surface coordinates. A state-space
approach is used to generate the response of the plate using 10 first-
order ordinary homogeneous differential equations with variable co-
efficients. The solutions are obtained by either a modified Frobenius
method or by the sublayer method. The efficiency of both methods is
dependent on the tolerance specified. The sensitivity coefficients of
the responses are obtained by direct differentiation of the governing
equations of the response quantities.

Numerical results are presented for closed cylindrical shells made
of eight graphite-epoxy layers and one PZT-5A layer at either the
outer surface or the midthickness. The results show the effects of the
thickness ratios and the location of the thermoelectroelastic layer on
both the response quantities and the sensitivity coefficients, for me-
chanical loading, temperature change, and electric potential. The
results presented give an insight into the differences between the
response quantities, and their sensitivity coefficients, for the me-
chanical loading, temperature change, and electric potential. They
also can help to assess the accuracy and range of validity of two-
dimensional models for hybrid shells consisting of fiber-reinforced
and thermoelectroelastic layers.
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Appendix A: Fundamental Equations of
Three-Dimensional Thermoelectroelasticity Theory
The equations governing the static linear response of a thermo-

electroelastic medium can be grouped into three sets of equations
in the cylindrical coordinate system {*, 0,>}, namely, gradient rela-
tions, equilibrium equations, and constitutive relations, as follows:

Gradient relations

£* =:
dw
a*'
1 du dv

£r =
3w

Idw

3w 3w
Yxr = —— + ——Or c)jc

1 90
E1 __ _ __ ' Tf

r 39'
dT

-s <->
,-tf (A3)

Equilibrium equations

3x

(A4)

3Trx 3rrp 3crr crr — a$ ^
17 7W ~37 r
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Constitutive relations for orthorhombic materials with crystal
class 2mm

<*x = cxxsx + cxes0 + cxrsr + erxEr + XXT

ae = cx9sx + c99se + cersr + er9Er + XeT

VT = cxrsx + c9rse + crrsr + errEr + XrT (A7)

r9r — G9ry9r -f e99rE9

= Gx9yx9

i(>?)
*0

= Gxryxr + exxrEx,

d =t = <WK*r + KXEX, d9 = C99ry9r + K0£0

#V = *,.,£, +er9s9 + errsr + Kr£r + r,T'
(AS)

InEqs. (A1-A8), fe, crfl, oy, r^r, rxr, rx9}, {ex, s9, er, y9r, yxr, yx9},
and {ux, u9,ur} denote the stress, strain, and displacement compo-
nents, respectively; [dx, d9, dr], (Ex, E9, Er}, and {px, p9, pr} are
the electric displacement, the electric field, and heat-flux compo-
nents, respectively; <p is the electric potential; T is the tempera-
ture change; [cxxt cx9, cxr, c99, c9r, crr, G9r, Gxr, Gx9} are material
stiffness coefficients; (erx, er9, err, e99r, exxr] are piezoelectric
coefficients; (kx, k9, kr] are thermal conductivity coefficients;
(Xx, X9,Xr} are stress-temperature; [KX, K9,Kr] are permittivities;
and rr is the pyroelectric coefficient.

To obtain the governing equations in the surface coordinate sys-
tem of Fig. 1, the variables x, 0, and r in Eqs. (A1-A8) are replaced
by x, 0, and r^ + z, respectively, where r^ is the radius of the inner
surface of 77th layer (see Fig. 1). The origin of the surface coordi-
nate system is selected to be at the inner surface of the ?7th layer.
For convenience, the subscript r used with the material coefficients
in Eqs. (A7) and (A8) is replaced by the subscript z.

Appendix B: Explicit Form of the Matrices
in Eqs. (14) and (23)

In the following matrices, the material parameters are given ac-
cording to the orthogonal-shell-surface coordinate system {jc, 9, z}.
For a typical layer 77, B^, and A(?\i = 0,1, 2) in Eq. (14) are

" rn
0
0
0
0
0
0
0

b9i
_ 0

0
1
0
0
0
0
0
0

692
0

0
0

r«

0
0
0
0
0
0
0

0
0
0

Tr\

0
0
0
0
0
0

0
0
0
0
1
0
0
0
0
0

0
0
0
0
0

'I
0
0
0
0

0
0
0
0
0
0
rl
0
0
0

0
0
0
0
0
0
0

*
0
0

0
0
0
0
0
0
0
0

^2
0

o -
0
0
0
0
0
0
0

• o
*? -

1 dr,, '

"-1
0

#31

#41

0
#61

#62

#63

#91

_ 0

0

0

#32

#42

0
#62

#72

#73

0

0

-bn

am

#33

#43

0

#63

#73

#83

#93

0

#14

#24

0
0
0
0
0
0

#94

0

0
0

#35

#45

0
#65

#75

#85

0

#10,5

#16

0

0
0
0

2r,
0

bnrn

0
0

2

0
#27

0
0
0

,0
rn

-amr2

0
0

0
,0
#38

#48

0
#68

#78

#88

0
0

0
0

#39

#49

0
#69

#79

#89

A
0

o -
0
0
0

1/t
0
0
0
0
rv

The 0/; and by coefficients are given by

#14 = -bngl/g3, #16 = -rn/g3

#24 = amg2/g4, #27 = ~l/g4

( 2 2 \ /
C #7 + S g6)/g5, #33 = #31/P/i

#35 = ^(^£33 — ̂ zKz)/85> #38 = —rJ1Kz/g5

#39 = -rnea/g5,- 041 = -6w(c2g8 + S2g9)/g5

#42 = -amrrj(c2g9 + S2g8)/g5, 043 = 041/^n

#45 = -rn(rzcu - ^Zezz)/g5, 048 = -rnezz/g5

#63 == — (#61 + amGx9rnJ/bn

#65 = — ̂ n [C2(rzg9 + ̂ z#7 ~ ^jc£s) + ̂

#68 = -^n(c2g6+^

#69 = ~^n (~C2g8 - ;

#72 = #m(c4^H + ^4glo)

#73 = -#/j

#75 = #m''2[^2(^^8 + ^Zg6 —

#78 = #m (<^2^7 + S2g6)r2/g5

#79 = #m(—c ^9 — s2gS)rTi/g5

#83 = (c4glO + S4gll)/g5, #85 = #65/^n

#88 = — ̂ [(C2g6 + S2gl)/g5 — l]

#89 = r»/(c2^8 + S2g9)/g5, #91 = —^»gl

094 = b2n(c2K9 + S2KX) + r202 \C2KX + 52/C0)

#10,5 = bl(c2ko + j2^) + r2a2
n(c2kx + j2fy)

gi = c2^^ + 52^jeZ, g2 = S2e99z + c2exxz

gs = c2G9z +s2Gxz, g4 = c2G« + s2G9z

85 = e2
z + CZZKZ, g6 = ^«« + c9zKz

gi = ezxezz + CXZKZ, g8 = czzez^ - c^zezz

gio = -czze2
z9 + 2c9zez9ezz - c99e2

zz + c0zKz - ceeczzKz

gn = ~czze2
zx + 2cxzezxezz - cxxe2

zz +C2
ZKZ - CXXCZZKZ

gn = -czzez9ez9 + cxzez9ezz + c9zez9ezz + c9zcxzKz

where c = cos or and s = sin a, and a is the fiber orientation angle.
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The elements of M(?7) in Eq. (24) are zero except for M(ri) (4,1) =
gi and M(7?)(5, 2) = g2. The matrix H™ in Eq. (24) are

-hn

h2\
*3i
h4i
0
0

_ 0

hu

h22

h32

0
0
0
0

hu.
/*23

0

^43

hsi

0
0

0
0
0

h-44

h54

0
0

his..
h25

0
0
0

h65

h15

0
0
0
0
0
0
0

0
0
0
0
0
0
0

^18

/*28

0
0
0
0
0

h\9
h29

0
0
0
0
0

o-
0
0
0
0
0
0_

i3 = -hn/bn

= -<W V

2g9)/gs, h2i = - + z)

7*25 = -065/bn, /Z28 = + S2g6)/g5

. + z), , + z)

r) + z)

54 •= -am(c?Kx

The relations of the material parameters between {ezx, eze, ezz,
eeoz , exxz } > t^jc , A.0 , ^Z } » and {ĉ  , c^^ , c^r , CQQ , c^r , crr ,G0r, Gxr ,
G^} in the above matrices and {dzx,dz0,dzz,d00z,dxxz}, [ax,
<X0, az} or {aL,-aT}, and [Ex, E0, Ez, G6z, Gxz, Gx9, v9z, vxz, vx9}
or {EL, ET, GLT, GTT, VLT, VTT] in Table 1, respectively, can be
found in Refs. 20 and 21.
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